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QUANDLE VARIETIES, GENERALIZED SYMMETRIC SPACES
AND ϕ-SPACES
NOBUYOSHI TAKAHASHI
Abstract. We define a quandle variety as an irreducible algebraic variety Q
endowed with an algebraically defined quandle operation ⊲. It can also be seen
as an analogue of a generalized affine symmetric space or a regular s-manifold
in algebraic geometry.
Assume that Q is normal as an algebraic variety and that the action of the
inner automorphism group has a dense orbit. Then we show that there is an
algebraic group G such that each orbit is isomorphic to the quandle (G/H,⊲ϕ)
associated to the group G, an automorphism ϕ of G and a subgroup H of Gϕ.
1. Introduction
1.1. Generalized symmetric spaces and ϕ-spaces. A symmetric space is a
Riemannian manifold with a symmetry sx around any point x. Here, by a symmetry
around x, we mean an isometry which fixes x and inverts tangent vectors at x.
After the extensive studies by E´. Cartan, the theory of symmetric spaces has been
significantly generalized. One important direction was to regard them as manifolds
endowed with the binary operation x · y := sx(y). (See [SSS02, Introduction and
§§1–7] for a survey of developments of the theory of generalized symmetric spaces.)
In [Lo67] (see also [Lo69]), Loos characterized symmetric spaces in terms of bi-
nary operations. For the brevity of the presentation, let us mean by the word
“automorphism” either an isometry, a diffeomorphism preserving an affine connec-
tion or just a diffeomorphism according to the context. Then a symmetric space is a
Riemannian manifold M endowed with a smooth binary operation · :M ×M →M
subject to the following conditions:
(1) x · x = x.
(2) sx :M →M ; y 7→ x · y is an automorphism.
(3) x · (y · z) = (x · y) · (x · z).
(4) sx ◦ sx = idM and x is an isolated fixed point of sx.
In the setting of affine differential geometry, the same conditions define an affine
symmetric space, although Loos proved that the affine connection can be canoni-
cally constructed from the rest of the data.
The notion of symmetric space was generalized by relaxing the condition (4).
Loos considered manifolds with an operation satisfying the conditions (1)–(3) and
(4R) (reflexivity) sx ◦ sx = idM ,
and named them reflexion spaces.
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Non-involutive symmetries were introduced to the field by Ledger([Le67]). Then
Kowalski and Fedenko considered the notions of regular s-manifold and generalized
affine symmetric space. A regular s-manifold is defined as a manifold with an
operation satisfying conditions (1)–(3) and
(4T) (tangential regularity) Txsx − 1 is invertible on TxM .
A generalized affine symmetric space is an affine manifold which admits an opera-
tion satisfying conditions (1)–(3) and
(4I) (isolatedness) x is an isolated fixed point of sx.
In this case, the family {sx} of automorphisms is called an admissible s-structure.
The conditions (4T) and (4I) are equivalent in the presence of a Riemannian
metric or an affine connection, so a generalized affine symmetric space together
with an admissible s-structure is a regular s-manifold.
Cartan proved that a symmetric space can be described as a special kind of
homogeneous space. Loos, Fedenko and Kowalski gave generalizations of this result
in their respective settings. In order to state their results, let us explain the notion
of ϕ-space introduced by Vedernikov([V65]).
Definition 1.1. Let G be a Lie group, ϕ an automorphism1 ofG, andH a subgroup
of G satisfying (Gϕ)◦ ⊆ H ⊆ Gϕ. Then G/H , or the triple (G,H,ϕ), is called a
ϕ-space.
It is called a regular2 ϕ-space if Te¯ϕ¯− 1 is invertible, where e¯ is the residue class
of the identity element and ϕ¯ : G/H → G/H is the induced diffeomorphism.
Extending the work of Loos on affine symmetric spaces (see Theorem 4.9),
Stepanov, Fedenko and Kowalski studied the relation between regular s-manifolds,
generalized affine symmetric spaces and regular ϕ-spaces. Their works show that
these three notions are essentially equivalent to each other.
Theorem 1.2. ([K80, Theorems II. 4 and II.25])
(1) If (G,H,ϕ) is a regular ϕ-space, one can define an operation ·ϕ by
xH ·ϕ yH := xϕ(x
−1y)H,
and then (G/H, ·ϕ) is a regular s-manifold. It also admits a canonical affine con-
nection which is invariant under the symmetries, so G/H is a generalized affine
symmetric space.
(2) Conversely, for a generalized affine symmetric space endowed with an ad-
missible s-structure, one can construct a regular ϕ-space which gives the inverse
correspondence to the above.
(3) Finally, if M is a regular s-manifold, then there exists uniquely an affine
connection on M which makes M a generalized affine symmetric space with an
admissible s-structure {sx}.
1 In the original definition, an endomorphism is allowed.
2 There seems to be two meanings for the term “regular” here. For s-manifolds, the term
regular refers to the condition x · (y ·z) = (x ·y) · (x ·z), and for ϕ-spaces, it refers to the tangential
regularity.
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1.2. Knots and quandles. To any knot, Joyce([J82]) and Matveev([M82]) associ-
ated a certain algebraic system, which Joyce called the knot quandle. A quandle is
a nonempty set Q endowed with a binary operation ⊲ which satisfies the following
conditions.
(1) q ⊲ q = q.
(2) sq : Q→ Q; r 7→ q ⊲ r is a bijection. (We write q ⊲
−1 r for s−1q (r).)
(3) q ⊲ (r ⊲ s) = (q ⊲ r) ⊲ (q ⊲ s).
In more descriptive words, it is a distributive groupoid.
To any knot or surface knot is associated its knot quandle (or fundamental
quandle). Given any finite quandle, an invariant called the coloring number is
defined for knots and surface knots. There is a theory of quandle homology and
cohomology, which gives rise to even more invariants([CJKLS03]).
It is obvious that a regular s-manifold can be regarded as a quandle. Joyce
already noted, citing [Lo67] and [Lo69], that a reflexion space is a quandle. How-
ever, little attention has been paid to regular s-manifolds in knot theory, probably
because finite quandles already provide plenty of useful information. Recently,
Rubinsztein defined the notion of continuous quandle([R07]). He also defined an
invariant topological space JQ(L) for any continuous quandle Q and any link L,
which is a continuous generalization of the coloring number.
1.3. Quandle varieties. In this paper, we study quandles and generalized sym-
metric spaces in the category of algebraic varieties.
By a quandle variety, we mean an algebraic variety Q equipped with quandle
operations ⊲ and ⊲−1 which are regular maps of algebraic varieties. Here, an
algebraic variety will be always assumed to be irreducible and reduced.
For any quandle Q, we have two important groups of automorphisms. The
group Inn(Q) is defined as the group generated by the automorphisms sq. The
group Tr(Q) is the subgroup of Inn(Q) consisting of products of the same numbers
of sq and s
−1
q . It can be shown that Inn(Q)-orbits and Tr(Q)-orbits coincide, and
we say that a quandle is ⊲-connected if it is comprised of one orbit.
Our main theorem implies that a ⊲-connected quandle variety is an algebraic
ϕ-space G/H , except that H does not necessarily contain (Gϕ)◦.
Theorem 1.3 (See Theorem 4.1). Let Q be a quandle variety which is irreducible
and normal as a variety. Assume that Q contains an open Inn(Q)-orbit O.
(1) The group Tr(Q) can be given a structure of a connected algebraic group
Tr(Q) such that the action of Tr(Q) on Q is algebraic. If Q is quasi-affine, then
Tr(Q) is affine.
(2) The open orbit O is ⊲-connected, and there are natural isomorphisms Tr(O) ∼=
Tr(Q) and Inn(O) ∼= Inn(Q).
(3) For any q ∈ Q, the conjugation map g 7→ sqgs
−1
q restricts to an automor-
phism ϕq of Tr(Q), the stabilizer Tr(Q)q is contained in Tr(Q)
ϕq and the natural
map Tr(Q)/Tr(Q)q → Inn(Q)q; gTr(Q)q 7→ gq is an isomorphism of quandle
varieties.
Each orbit acts on another orbit, and this action can also be described using a
certain self-map of Tr(Q).
The plan of this paper is as follows. We recall the definitions and elementary
results related to quandles in §2. In §3, we define quandle varieties and show
several basic results on orbits which are similar to results on orbits of an algebraic
4 NOBUYOSHI TAKAHASHI
group action. We state and prove the main theorem in §4. The key is to find a
space with a Q-action such that Tr(Q) can be identified with an orbit. In the last
section, we show a result on the relation between isolatedness of fixed points and
⊲-connectedness, which gives a partial answer to an algebraic version of a question
of Kowalski.
2. Quandles
We recall the definition of quandles and basic results that will be used in the
sequel. Most of the contents in this section are from [J82]. In this paper, we use
the convention where Q “acts” from the left.
Definition 2.1. A quandle is a nonempty set Q equipped with a binary operation
⊲ satisfying the following conditions.
(1) For any q ∈ Q, q ⊲ q = q holds.
(2) For any q, r ∈ Q, there exists a unique element r′ ∈ Q such that q⊲ r′ = r.
(3) For any q, r, s ∈ Q, q ⊲ (r ⊲ s) = (q ⊲ r)⊲ (q ⊲ s).
We define sq : Q → Q by sq(r) = q ⊲ r, which is bijective by (2). We write
q ⊲−1 r for s−1q (r). For σ1, . . . , σn ∈ {±1}, we write qn ⊲
σn qn−1 ⊲
σn−1 · · · ⊲σ1 q0
for qn ⊲
σn (qn−1 ⊲
σn−1 (· · ·⊲σ1 q0)).
Definition 2.2. Let Q and Q′ be quandles. A homomorphism from Q to Q′ is a
map f : Q→ Q′ such that f(q ⊲ r) = f(q)⊲ f(r) holds for any q, r ∈ Q.
An isomorphism is a homomorphism which admits an inverse homomorphism.
An isomorphism onto itself is called an automorphism.
The following is immediate from the definitions.
Proposition 2.3. (1) If f is a homomorphism, f(q⊲−1 r) = f(q)⊲−1 f(r) holds.
(2) A homomorphism is an isomorphism if and only if it is bijective.
(3) The map sq is an automorphism for any q ∈ Q.
Example 2.4. If Q is a nonempty set, then q ⊲ r := r defines the structure of a
trivial quandle.
Example 2.5. LetX be a nonempty set and A an abelian group. Let F : X×X → A
be a map. On Q = X × A, the operation (x, a) ⊲ (y, b) := (y, b + F (x, y)) gives a
quandle structure if and only if F (x, x) = 0 for any x.
Example 2.6. If G is a group, then g ⊲ h := g−1hg gives a quandle structure on G.
A conjugacy class in G is also a quandle.
Example 2.7. If G is group, ϕ is an automorphism of G and H is contained in Gϕ,
then xH ⊲ϕ yH := xϕ(x
−1y)H gives a quandle structure on G/H .
In particular, if G = V is a vector space, ϕ is a linear automorphism and H = 0,
then v ⊲w := v + ϕ(w − v) defines a quandle.
Example 2.8. If G is group and ϕ is an automorphism of G, then x⊲′ϕy := xϕ(yx
−1)
gives a quandle structure on G.
This is related to the previous example in the following way([V65]). Consider the
action of G on (G,⊲′ϕ) defined by x · a = xaϕ(x
−1). Then G/Gϕ can be identified
with the orbit of e and the quandle operations coincide under this identification.
More generally, the orbit of a can be identified with (G/Gϕa ,⊲ϕa), where ϕa(x) :=
aϕ(x)a−1.
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Definition 2.9. We define the automorphism group of Q as
Aut⊲(Q) := {f : Q→ Q|f(q ⊲ r) = f(q)⊲ f(r) and f is bijective}
and the inner automorphism group of Q as
Inn(Q) := 〈sq|q ∈ Q〉.
Let
Trk(Q) := {s
−1
b1
◦ · · · ◦ s−1bk ◦ sak ◦ · · · ◦ sa1 |ai, bi ∈ Q}
and define the group of transvections of Q to be
Tr(Q) :=
⋃
k∈N
Trk(Q).
We will see that Tr(Q) is in fact a group. Moreover, Inn(Q) and Tr(Q) are
normal subgroups of Aut⊲(Q).
Lemma 2.10. (1) For any f ∈ Aut⊲(Q) and q ∈ Q, f ◦ sq = sf(q) ◦ f holds.
(2) For any nonnegative integers k and l, let σ1, . . . , σk+l ∈ {±1} be such that
#{i|σi = 1} = k and #{i|σi = −1} = l. Define
Sσ1,...,σk+l := {s
σk+l
ak+l
◦ · · · ◦ sσ1a1 |a1, . . . , ak+l ∈ Q}.
Then Sσ1,...,σk+l depends only on k and l.
Proof. (1) This follows from
(f ◦ sq)(r) = f(q ⊲ r) = f(q)⊲ f(r) = (sf(q) ◦ f)(r).
(2) Since s−1a is an automorphism, it follows from (1) that s
−1
a ◦sb = ss−1a (b)◦s
−1
a .
So s−1ai ’s can be gathered to the right. 
Proposition 2.11. Inn(Q) and Tr(Q) are normal subgroups of Aut⊲(Q).
Proof. From (2) of the previous lemma, we see that Tr(Q) is a subgroup. By (1) of
the lemma, we have
f ◦ sσkak ◦ · · · ◦ s
σ1
a1 ◦ f
−1 = sσkf(ak) ◦ · · · ◦ s
σ1
f(a1)
,
so Inn(Q) and Tr(Q) are normal subgroups. 
Definition 2.12. Let Q be a quandle and X a set. An action of Q on X is a map
Q×X → X ; (q, x) 7→ q ⊲ x subject to the following conditions.
(1) For any q ∈ Q and x ∈ X , there exists a unique element x′ ∈ X such that
q ⊲ x′ = x.
(2) For any q, r ∈ Q and x ∈ X , q ⊲ (r ⊲ x) = (q ⊲ r) ⊲ (q ⊲ x).
For any q ∈ Q, we define sq : X → X by sq(x) = q ⊲ x. We write q ⊲
−1 x for
s−1q (x).
Let Op(Q,X) be the group generated by {sq|q ∈ Q}. Let Trk(Q,X) and
Tr(Q,X) be defined as in the previous definition.
We can prove the following by the same arguments as in the proof of the previous
proposition.
Proposition 2.13. Tr(Q,X) is a normal subgroup of Op(Q,X).
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Remark 2.14. (1) There is a natural action of Q on itself, for which Op(Q,Q) =
Inn(Q) and Tr(Q,Q) = Tr(Q) hold.
(2) Let As(Q) be the group
As(Q) := 〈gq|q ∈ Q||gqgr = gq⊲rgq〉.
Then an action of Q on X is equivalent to a group action of As(Q) on X , and
there is a natural surjective homomorphism As(Q) → Op(Q,X). Let As(Q)0 be
the subgroup defined by
As(Q)0 :=
{
ge1q1 · · · g
ek
qk
∣∣∣∣∣
k∑
i=1
ei = 0
}
,
then the above homomorphism restricts to a surjective homomorphism As(Q)0 →
Tr(Q,X).
(3) Note that an action of Q on X does not necessarily induce a homomorphism
Inn(Q)→ Op(Q,X). In other words, a Q-action on X does not necessarily factor
through Inn(Q). For example, let Q = A1 be endowed with the trivial operation
q ⊲ r = r. Then Q acts on X = A1 by q ⊲ x = x + 1. This action does not factor
through Inn(Q) = {idQ}.
(4) Similarly, if we make the trivial quandle Q = A1 act on X = A1 by q ⊲ x =
x + q, then s−1r sq(x) = x + q − r and so the action of Tr(Q,X) does not factor
through Tr(Q) = {idQ}.
Proposition 2.15. The equality Inn(Q)q = Tr(Q)q holds for any q ∈ Q.
Proof. It is clear that Tr(Q)q is contained in Inn(Q)q. For the other direction,
write an element q′ of Inn(Q)q as sσkak ◦ · · · ◦ s
σ1
a1 (q). Then we have
q′ = s
−
∑
σi
q′ ◦ s
σk
ak
◦ · · · ◦ sσ1a1 (q) ∈ Tr(Q)q.

Remark 2.16. For an action of Q on a set X , the Op(Q,X)-orbits are not neces-
sarily the same as the Tr(Q,X)-orbits. In the example of Remark 2.14(3), we have
Op(Q,X)0 = Z while Tr(Q,X)0 = {0}.
The study of orbits plays an important role in the proof of our main theorem.
Let us introduce the following notation.
Definition 2.17. Let Q be a quandle acting on a set X and let Z be a subset of
X .
For i ∈ N, we define QiZ inductively by Q0Z = Z and Qi+1Z = Q⊲QiZ.
Similarly, define Q−iZ inductively by Q0Z = Z and Q−(i+1)Z = Q⊲−1 Q−iZ.
Define Q±iZ by Q±0Z = Z and Q±(i+1)Z = (Q ⊲Q±iZ) ∪ (Q⊲−1 Q±iZ).
Proposition 2.18. (1) Op(Q,X)Z =
⋃
i∈NQ
±iZ.
(2) Tri(Q,X) ⊆ Tri+1(Q,X), hence Tri(Q,X)Z ⊆ Tri+1(Q,X)Z, for any i ∈ N.
(3) For the natural action of Q on X = Q, there are inclusions QiZ ⊆ Qi+1Z,
Q−iZ ⊆ Q−(i+1)Z and Q±iZ ⊆ Q±(i+1)Z.
(4) If f is an element of Op(Q,X), then Qif(Z) = f(QiZ), Q−if(Z) = f(Q−iZ)
and Tri(Q)f(Z) = f(Tri(Q)Z) hold.
(5) If Z ⊆ X is stable under the action of Q, i.e. Q⊲Z ⊆ Z and Q⊲−1Z ⊆ Z,
then q ⊲ Z = q ⊲−1 Z = Z holds for any q ∈ Q.
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Proof. (1) is obvious from the definitions.
(2) Take an element q of Q, and then
Tri+1(Q,X) ⊇ sqs
−1
q Tri(Q,X) = Tri(Q,X)
holds by Lemma 2.10.
(3) For any q ∈ QiZ, we have q = q⊲q ∈ q⊲QiZ ⊆ Qi+1Z, hence QiZ ⊆ Qi+1Z.
The assertions about Q−iZ and Q±iZ can be proven in the same way.
(4) Choose a lift of f in As(Q) and let fQ denote its image in Inn(Q). It follows
from the axiom q ⊲ (r ⊲ x) = (q ⊲ r) ⊲ (q ⊲ x) that f(q ⊲ x) = fQ(q) ⊲ f(x) and
f(q ⊲−1 x) = fQ(q) ⊲
−1 f(x). Since fQ is an automorphism of Q, we have the
assertion.
(5) We have q⊲Z ⊆ Z and q⊲−1 Z ⊆ Z. Applying s−1q to the former and sq to
the latter, we obtain the assertion. 
In this paper, we are mainly interested in the situation where the automorphism
group is big enough.
Definition 2.19. A quandle Q is called homogeneous if the action of Aut⊲(Q) on
Q is transitive.
A quandle Q is called ⊲-connected if the action of Inn(Q) on Q is transitive.
By Proposition 2.15, this is equivalent to saying that the action of Tr(Q) on Q is
transitive.
For a discrete quandle Q, the homogeneity of Q implies that the quandle can be
described in terms of a group automorphism as in Example 2.7.
Proposition 2.20. Let Q be a quandle and let G be Aut⊲(Q), Inn(Q) or Tr(Q).
(1) For any element q of Q, let ϕq denote the map G → G; g 7→ sqgs
−1
q . Then
the natural map
πq : G/Gq → Gq; gGq 7→ gq
is an isomorphism of quandles from (G/Gq,⊲ϕq) to Gq.
In particular,
• If Q is homogeneous, then it is isomorphic to (Aut⊲(Q)/Aut⊲(Q)q,⊲ϕq).
• If Q is ⊲-connected, then it is isomorphic to (Inn(Q)/Inn(Q)q,⊲ϕq) and
(Tr(Q)/Tr(Q)q,⊲ϕq ).
(2) For any two elements q and r of Q, let ψq,r denote the map G → G; g 7→
sqgs
−1
r . Then there is a well-defined action
⊲ψq,r : G/Gq ×G/Gr → G/Gr; (gGq, hGr) 7→ gψq,r(g
−1h)Gr
compatible with the action of Gq on Gr.
Proof. This is essentially Theorems 7.1 and 7.2 of [J82].
First of all, note that G is stable under the map g 7→ sqgs
−1
r . This is obvious
if G is Aut⊲(Q) or Inn(Q). If G is Tr(Q), then its element g can be written as
sa1 · · · saks
−1
b1
· · · s−1bk , and so is sqgs
−1
r .
(1) The natural map G/Gq → Gq is bijective, and the assertion that it is a
homomorphism is a special case of (2), which we prove below. For the second
assertion, note that Tr(Q)q is equal to Inn(Q)q by Proposition 2.15.
(2) From gsq = sg(q)g, we see that any element of Gq commutes with sq. Simi-
larly, any element of Gr commutes with s
−1
r . Thus, if g
′ = gg1 and h
′ = hh1 with
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g1 ∈ Gq and h1 ∈ Gr, we have
g′ψq,r((g
′)−1h′)Gr = gg1sqg
−1
1 g
−1hh1s
−1
r Gr
= gsqg1g
−1
1 g
−1hs−1r h1Gr
= gsqg
−1hs−1r Gr
= gψq,r(g
−1h)Gr ,
so the action is well-defined.
We have
πr(gGq ⊲ψq,r hGr) = gψq,r(g
−1h)(r)
= gsqg
−1hs−1r (r)
= sg(q)gg
−1h(r) = sg(q)h(r) = g(q)⊲ h(r)
= πq(gGq)⊲ πr(hGr),
so the actions are compatible. 
Remark 2.21. Let G be Aut⊲(Q), Inn(Q) or Tr(Q). For any q ∈ Q, the map
s¯ : Q→ (G,⊲′ϕq );x 7→ sxs
−1
q
is easily seen to be a quandle homomorphism.
If Q is homogeneous with G = Aut⊲(Q) or Q is ⊲-connected with G = Inn(Q)
or Tr(Q), this map is the same as the composite map
Q ∼= (G/Gq,⊲ϕq)։ (G/G
ϕq ,⊲ϕq) →֒ (G,⊲
′
ϕq ),
where the last map is the injective homomorphism in Example 2.8.
3. Quandle varieties and orbits of actions
In this section, we work over an algebraically closed field of an arbitrary charac-
teristic.
Definition 3.1. A quandle variety, or an algebraic quandle, is an algebraic (reduced
and irreducible) variety Q equipped with a quandle operation ⊲ such that Q×Q→
Q×Q; (q, r) 7→ (q, q ⊲ r) is an automorphism of a variety.
An action of Q on an algebraic variety X is called an algebraic action if Q×X →
Q×X ; (q, x) 7→ (q, q⊲x) is an automorphism of a variety. A variety with an action
of Q will be called a Q-variety.
In the sequel, actions will be always algebraic when we are dealing with quandle
varieties and algebraic varieties.
Example 3.2. (1) In Example 2.5, if X is an algebraic variety, A is a connected
commutative algebraic group and F is a regular map, then X × A is a quandle
variety.
(2) If G is a connected algebraic group in Example 2.6, then the variety G with
the conjugation operation is a quandle variety.
(3) In Example 2.7, we have a quandle variety (G/H,⊲ϕ) if G is a connected
algebraic group, ϕ is an algebraic automorphism and H is a closed subgroup.
(4) In Example 2.8, we have a quandle variety (G,⊲′ϕ) if G is a connected
algebraic group and ϕ is an algebraic automorphism. The quandle (G/Gϕ,⊲ϕ)
from the previous example can be embedded into this quandle.
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Definition 3.3. Let G be an algebraic group, ϕ an automorphism of G, and H
a subgroup of G satisfying H ⊆ Gϕ. Then (G/H,⊲ϕ), or the triple (G,H,ϕ), is
called a weak algebraic ϕ-space.
If H contains the connected component (Gϕ)◦ of Gϕ containing the identity
element, then G/H is called an algebraic ϕ-space.
We say that G/H is a regular algebraic ϕ-space if Te¯ϕ¯ − 1 is invertible, where
e¯ is the residue class of the identity element and ϕ¯ : G/H → G/H is the induced
automorphism.
The group Tr(Q) plays an important role in the theory of generalized symmetric
spaces. A key fact is that it is a connected Lie group. Now we will show a partial
analogue of this fact for quandle varieties. First, we prove that orbits of Tr(Q)-
actions enjoy a number of properties similar to those satisfied by orbits of algebraic
group actions.
Let Q be a quandle variety acting on a variety X . Recall from Proposition
2.18(2) that {Tri(Q,X)Z} is an increasing sequence.
Lemma 3.4. (1) Let Z be an irreducible subset of X. If i0 is a natural num-
ber such that dimTri0(Q,X)Z = dimTri0+1(Q,X)Z, then Tri(Q,X)Z is equal to
Tr(Q,X)Z for i ≥ i0.
In particular, Tri(Q,X)Z is equal to Tr(Q,X)Z for i ≥ dimX − dimZ.
(2) Let Z be a constructible subset of X. Then Tri(Q,X)Z is equal to Tr(Q,X)Z
for i ≥ dimX.
Proof. (1) Since {Tri(Q,X)Z} is an increasing sequence of irreducible closed sets,
the equality of dimensions implies Tri0 (Q,X)Z = Tri0+1(Q,X)Z. Let W denote
this set. It is obviously contained in Tr(Q,X)Z.
Since
s−1q srW ⊆ s
−1
q srTri0(Q,X)Z ⊆ Tri0+1(Q,X)Z =W
holds for any q, r ∈ Q, the set W is stable under the action of Tr(Q,X), hence
contains Tr(Q,X)Z. Since it is closed, it contains Tr(Q,X)Z.
(2) This is an immediate consequence of (1). 
Proposition 3.5. Let z0 be a point of X. Then Tr(Q,X)z0 is a locally closed
subvariety of X.
If i0 is a natural number such that dimTri0(Q,X)z0 = dimTri0+1(Q,X)z0, then
Tri(Q,X)z0 = Tr(Q,X)z0 holds for i ≥ 2i0.
In particular, Tri(Q,X)z0 = Tr(Q,X)z0 holds for i ≥ 2 dimX.
Proof. Let W = Tr(Q,X)z0. For a subset V of W , let V
◦ denote the relative
interior of V in W .
By the previous lemma and Chevalley’s theorem on the image of a morphism,
Tri0(Q,X)z0 contains a nonempty open subset of W . In general, if a group acts
on a topological space by homeomorphisms and an orbit contains a nonempty open
subset, then it is easily seen to be open. Thus Tr(Q,X)z0 is open in W , hence
locally closed in X .
Let z1 be an element of Tr(Q,X)z0 and write z1 as f(z0) with f ∈ Tr(Q,X).
By Proposition 2.18 (4), Tri0(Q,X)z1 is equal to f(Tri0(Q,X)z0), which is dense
in W . It follows that Tri0(Q,X)z0 and Tri0(Q,X)z1 have nonempty intersection
and therefore that z1 is contained in Tr2i0(Q,X)z0. 
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Thus, we see that X is divided into locally closed Tr(Q,X)-orbits.
Recall that an open subgroup of a connected algebraic group is the whole group.
As an analogy, for an open subquandle U of Q, it is hoped that Inn(U) ∼= Inn(Q)
and Tr(U) ∼= Tr(Q). The main theorem asserts that this is true if Q has an open
orbit. In general, the following holds.
Proposition 3.6. Let Q be an arbitrary quandle variety and U an open subquandle.
Then there are natural injective homomorphisms Inn(U) → Inn(Q) and Tr(U) →
Tr(Q).
Proof. If we write an element of Inn(U) as a product of s±1q ’s, then the same ex-
pression defines an element of Inn(Q), and this gives a well-defined homomorphism
Inn(U)→ Inn(Q) since U is dense in Q. It is injective since U ⊆ Q. By restriction,
we obtain an injective homomorphism Tr(U)→ Tr(Q). 
The following is a kind of approximation of Inn(U) ∼= Inn(Q) and Tr(U) ∼= Tr(Q).
Proposition 3.7. Let Q be a quandle variety, U an open subquandle and X a
Q-variety. Then Op(U,X)z0 = Op(Q,X)z0 and Tr(U,X)z0 = Tr(Q,X)z0 hold.
Proof. Write G for Tr(Q,X) andH for Tr(U,X). Since U is dense in Q, Tri(U,X)z0
is dense in Tri(Q,X)z0. For i ≫ 0, they are equal to Hz0 and Gz0, respectively,
and are locally closed in X by Proposition 3.5. So Hz0 is open in Gz0. If we take
a point z of Gz0, then Hz is open in Gz by the same arguments, and the latter is
equal to Gz0. Thus Hz0 and Hz intersect, and z is contained in Hz0.
Choose a point q ∈ U , then Op(Q,X) is equal to
⋃
n∈Z Tr(Q,X)s
n
q . Thus we
have Op(U,X)z0 = Op(Q,X)z0. 
Corollary 3.8. A ⊲-connected quandle variety Q contains no nontrivial open sub-
quandle.
Proof. Let U be an open subquandle. For any q ∈ U , we have U ⊇ Inn(U)q =
Inn(Q)q = Q by the proposition. 
For the natural Q-action on Q itself, the Inn(Q)-orbits are equal to the Tr(Q)-
orbits by Proposition 2.15. They are also equal to the “forward” orbits in the case
of quandle varieties.
Lemma 3.9. (1) Let Z be an irreducible subset of X. If i0 is a natural number
such that dimQi0Z = dimQi0+1Z, then QiZ is equal to Inn(Q)Z for i ≥ i0.
In particular, QiZ is equal to Inn(Q)Z for i ≥ dimX − dimZ.
(2) Let Z be a constructible subset of X. Then QiZ is equal to Inn(Q)Z for
i ≥ dimX.
By symmetry of ⊲ and ⊲−1, similar statements hold for Q−iZ.
Proof. (1) Using Proposition 2.18 (3) this time, the equality of dimensions implies
that QiZ stabilizes to an irreducible closed set W for i ≥ i0. Obviously we have
W ⊆ Inn(Q)Z.
For any q ∈ W , we have
q ⊲W = q ⊲Qi0Z ⊆ q ⊲Qi0Z ⊆ Qi0+1Z = W.
Since q ⊲W is an irreducible closed set with dim(q ⊲W ) = dimW , the equality
q ⊲W = W holds. Applying s−1q , we also have W = q ⊲
−1 W . Thus the set W is
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stable under the action of Q, hence contains Inn(Q)Z. Since it is closed, it contains
Inn(Q)Z.
(2) is immediate from (1). 
Proposition 3.10. Let z0 be a point of Q. Then Inn(Q)z0 is a locally closed
subvariety of Q.
If i1 and i2 are natural numbers for which dimQ
i1z0 = dimQ
i1+1z0 and
dimQ−i2z0 = dimQ
−(i2+1)z0 hold, then Q
iz0 = Q
−iz0 = Inn(Q)z0 holds for
i ≥ i1 + i2.
In particular, Qiz0 = Q
−iz0 = Inn(Q)z0 holds for i ≥ 2 dimQ.
Proof. We write W = Inn(Q)z0 and denote the relative interior of V ⊆W by V
◦.
By the previous lemma and Chevalley’s theorem, Qi1z0 contains a nonempty
open subset of W . Therefore Inn(Q)z0 is open in W , hence locally closed in Q.
If z1 = f(z0) with f ∈ Inn(Q), then Q
−i2z1 is equal to f(Q
−i2z0) by Proposition
2.18 (4), so it is dense in W . It follows that Qi1z0 and Q
−i2z1 have nonempty
intersection and therefore that z1 is contained in Q
i1+i2z0. 
Remark 3.11. For an action on an arbitrary X , the example in Remark 2.16 shows
that Op(Q,X)z0 is not necessarily constructible.
Remark 3.12. For an arbitrary irreducible closed subset Z of Q, it is not necessarily
true that Inn(Q)Z is locally closed. For example, let Q = SL2(k)×A
1 be endowed
with the operation (h, t)⊲ (g, s) = (h−1gh, s). Let Z =
{
(
(
1 s
0 1
)
, s)
∣∣∣∣ s ∈ A1
}
.
Then the fiber of Inn(Q)Z over s ∈ A1 is {A ∈ SL2(k)|(A−I)
2 = O,A 6= I} if s 6= 0
and is {I} if s = 0. It follows that Inn(Q)Z = {A ∈ SL2(k)|(A − I)
2 = O} × A1
and that Inn(Q)Z is not open in its closure.
In showing ⊲-connectedness of a quandle, the following proposition is useful.
Proposition 3.13. For a quandle variety, the following conditions are equivalent.
(1) Q is ⊲-connected.
(2) Qiq = Q for any q ∈ Q and i ≥ 2 dimQ.
(2’) Qiq = Q for some q ∈ Q and i ≥ 2 dimQ.
(3) Qiq = Q for any q ∈ Q and i≫ 0.
(3’) Qiq = Q for some q ∈ Q and i≫ 0.
(4) Qiq = Q for any q ∈ Q and i ≥ dimQ.
(5) Qiq = Q for any q ∈ Q and i≫ 0.
Proof. Assume the condition (1). Then (2) and (4) follow from the previous propo-
sition and lemma.
The implications from (2) to (2’)–(3’), from (2)–(3’) to (1) and from (4) to (5)
are obvious.
Assume that (5) holds. Then for any q, q′ ∈ Q, there exists i such that Qiq and
Qiq′ are both dense. By Chevalley’s lemma, they contain nonempty open subsets,
so they have nonempty intersection. Thus q and q′ can be connected by an inner
automorphism. 
Corollary 3.14. If Q is nonsingular and Tqsq−1 is invertible for any q ∈ Q, then
Q is ⊲-connected.
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Proof. Let tq : Q → Q be defined by tq(r) = r ⊲ q. From r ⊲ r = r, we see that
Tqtq+Tqsq = 1. Thus the assumption means that Tqtq is invertible. It follows that
tq is dominant, and Q is ⊲-connected by the proposition. 
Remark 3.15. The converse does not hold. Consider the quandle
Q =
{
A−1
(
1 1
0 1
)
A
∣∣∣∣A ∈ SL2(k)
}
with the conjugation operation.
We show that Q is ⊲-connected. Note that an element of Q can be written as
M =
(
x y
z w
)
with xw − yz = 1, x + w = 2 and M 6= I2. Let Jt denote the
matrix
(
1 t
0 1
)
. Then we have M ⊲ J1 =
(
1 + zw w2
−z2 1− zw
)
. Since z and
w can be considered as algebraically independent functions, we see that Q ⊲ J1 is
dense. Using the transitive action of SL2(k), we see that Q ⊲M is dense for any
M ∈ Q. Now Proposition 3.13 tells us that Q is ⊲-connected.
Alternatively, note that the Inn(Q)-orbits are equal to the orbits by the conju-
gacy action of the group generated by Q. We see that Q · {Jt|t 6= 0}, and therefore
G, contains a nonempty open subset of SL2(k) by an argument similar to the above.
Such a subgroup must be equal to SL2(k), hence the orbit of J1 is equal to Q.
On the other hand, the fixed point locus of sJ1 is {Jt|t 6= 0}. Again using
the SL2(k)-action, we see that the fixed point locus of sM is a 1-dimensional set
containing M for any M ∈ Q. In particular, TMsM − 1 is singular.
Corollary 3.16. If an orbit U := Inn(Q)q0 is dense in Q, then it is open and is a
⊲-connected quandle.
Proof. Openness follows from Proposition 3.10. For any q ∈ U , we have Qiq = U
for some i by the same proposition. Hence U iq is dense in U , and U is ⊲-connected
by the previous proposition. 
Remark 3.17. In general, an Inn(Q)-orbit is not necessarily ⊲-connected. In Ex-
ample 2.5, let X = A = A1 and F (x, y) = y−x. Then Q = A2 with (x, a)⊲ (y, b) =
(y, b+ y − x), and the orbit of (0, 0) is {0} × A1, which is a trivial quandle.
4. Main Theorem
In this section, we work over an algebraically closed field k of characteristic 0.
The word “variety” will always mean an irreducible and reduced variety.
We denote the category of algebraic varieties over k by (Vark) and the category
of groups by (Grp). For a quandle variety Q, let T r(Q) : (Vark) → (Grp) be the
functor defined by
T r(Q)(S) := {f ∈ AutS(S ×Q); f |{s}×Q ∈ Tr(Q) for any s ∈ S(k)}.
The following is our main theorem.
Theorem 4.1. Let Q be a quandle variety which is irreducible and normal as a
variety. Assume that Q contains an open Inn(Q)-orbit O.
(1) The group Tr(Q) can be given a structure of a connected algebraic group
Tr(Q) such that the action map α : Tr(Q) × Q → Tr(Q) × Q; (f, q) 7→ (f, f(q))
is a regular map. If Q is quasi-affine, then Tr(Q) is affine. The pair (Tr(Q), α)
represents the functor T r(Q).
QUANDLE VARIETIES, GENERALIZED SYMMETRIC SPACES AND ϕ-SPACES 13
(2) The open orbit O is ⊲-connected, and there are natural isomorphisms Tr(O) ∼=
Tr(Q) and Inn(O) ∼= Inn(Q).
(3) For any two elements q and r of Q, let
ϕq : Tr(Q)→ Tr(Q); g 7→ sqgs
−1
q
and
ψq,r : Tr(Q)→ Tr(Q); g 7→ sqgs
−1
r
be the maps from Proposition 2.20. Then ϕq is an automorphism of an algebraic
group and ψq,r is an automorphism of an algebraic variety.
The natural map
πq : Tr(Q)/Tr(Q)q → Inn(Q)q
gTr(Q)q 7→ gq
of Proposition 2.20 is an isomorphism of quandle varieties compatible with actions
between orbits.
Before starting the proof of the theorem, let us recall how the corresponding
fact in differential geometry was proven (see Theorem 1.2). To prove that a regular
s-manifoldM is a regular ϕ-space, one first constructs a canonical affine connection
which turns M into a generalized affine symmetric space. This rigidifies the man-
ifold M , in the sense that a diffeomorphism which preserves the affine connection
is determined by the image of a point and the tangent map there. So Tr(M) can
be realized as a subset of a finite dimensional space. Then, it can be proven that
Tr(M) is a Lie group and that M is a homogeneous space.
Accordingly, our proof is divided into two parts. First, we find certain structure
which rigidifies the space and embed Tr(Q) into an algebraic variety. Second,
we show that the image of this embedding is an algebraic group satisfying the
conditions.
In view of Proposition 2.20, one might hope to extend our result to quandle vari-
eties which are homogeneous in the sense that the action of Aut⊲(Q) is transitive.
However, it seems difficult to find a good algebraic subgroup of Aut⊲(Q) without
any assumption on the action of Inn(Q). For example, consider Q = An with the
trivial quandle operation. Then the group Aut⊲(Q) is equal to Aut(A
n), which is
a very complicated group.
To carry out our plan of proof, we consider the following condition for a Q-variety
X .
Condition 4.2. (1) There exists a natural transformation Φ from T r(Q) to
Aut(X) : (Vark)→ (Grp);S 7→ AutS(S ×X)
such that Φ(pt) commutes with the natural surjective homomorphisms As(Q)0 →
Tr(Q) and As(Q)0 → Tr(Q,X).
(2) There exists a point x ∈ X such that Tr(Q)x = {id}.
Remark 4.3. By condition (1), we have a natural homomorphism Φ(pt) : Tr(Q)→
Tr(Q,X). It is an isomorphism by condition (2).
The natural transformation Φ is unique if it exists. In fact, let f be a family of
transvections over S. Then Φ(S)(f) must be (s, x) 7→ (s, (Φ(pt)(fs))(x)).
The theorem can be reduced to the following propositions.
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Proposition 4.4. Let Q be a quandle variety and assume that Q contains an open
Inn(Q)-orbit O. Let n be a positive integer and X = HomOn(k
dimQ×On, TOn)×O,
where Hom denotes the vector bundle of homomorphisms over On. Then X satisfies
Condition 4.2 for n≫ 0. More precisely, the following hold.
(1) For any n, there is a natural transformation from Aut⊲(Q) to Aut(X).
Hence Aut⊲(Q) acts on X, and Q acts algebraically on X via Inn(Q).
(2) For n≫ 0, there exists a point x ∈ X such that Aut⊲(Q)x = {id}.
Proposition 4.5. Let Q be a normal quandle variety. Let X be a Q-variety satis-
fying Condition 4.2 with a point x as in the condition. Note that Tr(Q) := Tr(Q)x
is a locally closed subvariety of X by Proposition 3.5.
(1) If U is an open subquandle, then there are natural isomorphisms Tr(U) ∼=
Tr(Q) and Inn(U) ∼= Inn(Q).
(2) The action map α : Tr(Q) × Q → Tr(Q) × Q is an automorphism of a
variety.
(3) The pair (Tr(Q), α) represents the functor T r(Q).
(4) Under the identification of Tr(Q) and Tr(Q) by the natural bijection, Tr(Q)
with the induced multiplication is an algebraic group.
(5) For any q, r ∈ Q, the map ψq,r : Tr(Q) → Tr(Q); g 7→ sqgs
−1
r is an auto-
morphism of Tr(Q) as an algebraic variety.
Proposition 4.4, 4.5 ⇒ Theorem 4.1. Assertions (1) and (2) are immediate conse-
quences of the propositions and Corollary 3.16.
It also follows that Tr(Q)/Tr(Q)q together with the operation induced by ϕq
is a quandle variety. Since the natural map Tr(Q)/Tr(Q)q → Inn(Q)q is a one-
to-one regular map of nonsingular varieties over an algebraically closed field of
characteristic 0, it is an isomorphism of varieties. It is an isomorphism of quandles
compatible with actions between orbits by Proposition 2.20. Thus (3) holds. 
Now let us prove the propositions.
Proof of Proposition 4.4. (1) Note that HomOn(k
dimQ×On, TOn) can be identified
with the fiber product of dimQ copies of TOn over On. Then the first assertion
follows from the following functorial constructions.
(a) A family of quandle automorphisms on Q× S induces an automorphism of
O × S over S.
(b) Let f and g be automorphisms of V × S and W × S, respectively, over S.
Then f ×S g is an automorphism of (V × S) ×S (W × S) ∼= (V ×W ) × S
over S.
(c) If f is an automorphism of V × S with V nonsingular, then TV×S/Sf is an
automorphism of TV × S which commutes with f .
(d) Generalizing (b), if V and W come with morphisms to Y , and f and g
are automorphisms of V × S and W × S over S commuting with an auto-
morphism h of Y × S over S, then f ×S g restricts to an automorphism of
(V × S)×Y×S (W × S) ∼= (V ×Y W )× S.
The second assertion follows from the first assertion. Note that the action of Q
on Q gives an element of Aut⊲(Q)(Q), hence an element of Aut(X)(Q), i.e. an
automorphism of Q×X over Q. This gives a family {sq,X}q∈Q of automorphisms
of X . The homomorphism Φ(pt) : Aut⊲(Q)→ Aut(X) sends sq to sq,X , as we see
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by mapping a point to q and using the naturality of Φ. Thus we have an algebraic
action of Q on X which factors through Aut⊲(Q), hence through Inn(Q).
(2) Let
µ : Qn ×Q→ Q; ((q1, . . . , qn), q) 7→ qn ⊲ · · ·⊲ q1 ⊲ q
be the multiplication map. Let q0 be a point of O. By Proposition 3.10 and the
assumption that O is an open orbit, we see that
µ1 : Q
n → O; q 7→ µ(q, q0)
is surjective for n ≫ 0. Since we are working over a field of characteristic 0, there
exists a point q0 ∈ O
n such that Tq0µ1 is surjective. Define µ2 by
µ2 : Q→ Q; q 7→ µ(q0, q).
Let q′ := µ(q0, q0) = µ1(q0) = µ2(q0), and choose a linear map ϕ : k
d → Tq0O
n
such that Tq0µ1 ◦ ϕ : k
d → Tq′O is an isomorphism. Then x := ((q0, ϕ), q0) defines
a point of X . Now we claim that Aut⊲(Q)x is trivial.
To show the claim, we first associate a vector field v˜ on O to each v ∈ kd. This
is what “rigidifies” Q. Informally, this is defined by
µ(q0 + ǫϕ(v), q) = µ(q0, q) + ǫv˜(µ(q0, q)) = µ2(q) + ǫv˜(µ2(q)).
Since µ2 is an automorphism, this defines a vector field onO. Formally, we associate
to any v ∈ kd the constant vector field (ϕ(v), 0) to On ×O along O′ := q0 ×O. By
mapping it by the homomorphism dµ : T (On ×O)→ µ∗(TO), we obtain a section
of µ∗(TO)|O′ . Since µ|Q′ = µ2 is an isomorphism, it defines a vector field v˜ on O.
From v˜(q′) = Tq0µ1 ◦ϕ(v), it follows that e˜1, . . . , e˜d form a local frame of TO at q
′.
Now let f ∈ Aut⊲(Q) be such that f(x) = x, i.e., f(q0) = q0, Tq0f ◦ ϕ = ϕ and
f(q0) = q0. Since f is a quandle homomorphism, we have
f(µ(q0 + ǫϕ(v), q)) = f(µ(q0, q) + ǫv˜(µ(q0, q)))
= f(µ2(q)) + ǫ(Tµ2(q)f)(v˜(µ2(q)))
and
f(µ(q0 + ǫϕ(v), q)) = µ(f(q0 + ǫϕ(v)), f(q))
= µ(f(q0) + ǫTq0f(ϕ(v)), f(q))
= µ(q0 + ǫϕ(v), f(q))
= µ(q0, f(q)) + ǫv˜(µ(q0, f(q)))
= f(µ2(q)) + ǫv˜(f(µ2(q))),
hence
(Tµ2(q)f)(v˜(µ2(q))) = v˜(f(µ2(q))).
Since µ2 is an automorphism, we conclude that f∗(v˜) = v˜. From f(q
′) = q′,
f∗(e˜i) = e˜i for i = 1, . . . , d and the fact that e˜1, . . . , e˜d form a local frame at q
′, it
follows that f is the identity morphism on the formal neighborhood of q′, hence on
Q. 
Proof of Proposition 4.5. (1) By Proposition 3.6, we have injective homomorphisms
Inn(U) → Inn(Q) and Tr(U) → Tr(Q). One can identify Tr(U) and Tr(Q) with
Tr(U,X)x and Tr(Q,X)x, and they are equal by Proposition 3.7. So Tr(U) ∼=
Tr(Q). Since Inn(Q) is generated by Tr(Q) and any one of sq, we have Inn(U) ∼=
Inn(Q).
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(2) Write G for Tr(Q). For a positive integer n, write a for an n-ple (a1, . . . , an),
etc., and
sa,b = s
−1
b1
◦ · · · ◦ s−1bn ◦ san ◦ · · · sa1
for the automorphism of G (as a variety) or Q, depending on the context. Define
τn : Q
2n → G; (a,b) 7→ sa,b(x)
and
αn : Q
2n ×Q→ G×Q×Q; (a,b, q) 7→ (τn(a,b), q, sa,b(q)).
By Proposition 3.5, τn is surjective for n ≫ 0. It follows that Im αn is the graph
of the action map under the identification of Tr(Q) and G. We show that Im αn is
a subvariety and that the action map is a regular map.
Note that one can always replace n by a larger number. We use the following
two lemmas.
Lemma 4.6. For n≫ 0 and any g ∈ G, there exists a point (a,b) ∈ (Qsm)
2n such
that τn(a,b) = g and T(a,b)τn is surjective.
Proof. By the surjectivity of τn, there exists (a0, b0) ∈ (Qsm)
2n such that T(a0,b0)τn
is surjective. Let g0 = τn(a0, b0). Since G is a Tr(Q)-orbit and Tr(Q) = Tr(Qsm) by
Proposition 4.5 (1), there exist n′ ∈ N and (a1, b1) ∈ (Qsm)
2n′ such that sa1,b1(g0) =
g. Let τ ′ : Q2n+2n
′
→ G be defined by τ ′(a,b,a′, b′) = sa′,b′ ◦ sa,b(x). Then
τ ′(a0, b0,a1, b1) = g and T(a0,b0,a1,b1)τ
′ is surjective.
Using s−1a ◦ sb = sa⊲−1b ◦ s
−1
a , we see that there exists an automorphism f of
Q2n+2n
′
as a variety such that τ ′ = τn+n′ ◦ f . Thus Tτn+n′ is surjective at some
smooth point over g.
By openness of the smooth locus and noetherian induction, one can find n that
works for any g ∈ G. 
Lemma 4.7. Let S and U be normal varieties, T a variety, and f : S → T and
g : T → U morphisms. Assume that g ◦ f is smooth and surjective and that g is
birational. Then g is an isomorphism.
Proof. Let u ∈ U be an arbitrary point, and choose s ∈ S such that g(f(s)) = u.
Let T ′ be the normalization of T and f ′ : S → T ′ and g′ : T ′ → U the induced
morphisms.
We claim that g′ is e´tale at f ′(s). We have homomorphisms
OˆU,u → OˆT ′,f ′(s) → OˆS,s.
Since g ◦ f is smooth, OˆS,s can be identified with the power series ring over OˆU,u
with generators h1, . . . , hd. So we have homomorphisms
OˆU,u
ϕ
→ OˆT ′,f ′(s)
ψ
→ OˆU,u ∼= OˆS,s/(h1, . . . , hd),
where ψ◦ϕ = id. Then ψ is surjective. Since S, T ′ and U are normal, all these rings
are integral domains of dimension dimU([Z48]), so ψ is also injective. It follows
that ϕ is an isomorphism, hence the claim.
This means that f ′(S) is contained in the e´tale locus V of g′, so g′|V is surjective.
By [Gr67, Lemma 18.10.18], g′|V is an open immersion. Thus it is an isomorphism.
It follows that V = T ′ and T = T ′, so g is an isomorphism. 
QUANDLE VARIETIES, GENERALIZED SYMMETRIC SPACES AND ϕ-SPACES 17
Let us return to the proof of (2). Let S = Q2n × Q, T = Im αn, U = G × Q,
f = αn and g = (p1 × p2)|T , where pi is the projection from G×Q×Q to the i-th
factor. The restriction of g to Im αn is bijective and Im αn is a dense constructible
subset of T . This implies that g : T → U is birational, since we are working in
characteristic 0. We also know that any point of U is in the image of the smooth
locus of g ◦ f .
By the previous lemma, g is an isomorphism. It also follows that Im αn is equal
to T . Thus the action map, which is equal to p3 ◦ g
−1 : G×Q→ Q, is a morphism.
We can see that α−1 is also a morphism by the same arguments.
(3) If f : S×Q→ S×Q is an algebraic family of transvections, then it induces an
automorphism Φ(S)(f) : S ×X → S ×X over S by Condition 4.2 (1). By sending
the constant section S × {x} by this morphism and projecting to X , we obtain a
morphism φf : S → X . It is straightforward to see that its image is contained in
Tr(Q) and that the pullback of α by φf is equal to f .
(4) This follows from (3) since, as is well known, an object representing a group
functor is a group object in a natural way. For example, to show that the multi-
plication map is a morphism, let α1, α2 ∈ Aut(Tr(Q)×Tr(Q)×Q) be defined by
(g1, g2, q) 7→ (g1, g2, g1q) and (g1, g2, q) 7→ (g1, g2, g2q). Then α1◦α2 is an element of
T r(Q)(Tr(Q)×Tr(Q)), so it corresponds to a morphism Tr(Q)×Tr(Q)→ Tr(Q),
which is nothing but the multiplication map.
(5) We have an element (id× sq) ◦α ◦ (id× s
−1
r ) of T r(Q)(Tr(Q)), so it induces
a morphism Tr(Q)→ Tr(Q). 
Remark 4.8. The group Inn(Q) is not necessarilly an algebraic group. For example,
if Q = A1 and x⊲ y = x+ a(y − x) with a 6= 0, then Q is ⊲-connected if and only
if a 6= 1. It is easy to see that Inn(Q) consists of automorphisms x 7→ anx + b
(n ∈ Z, b ∈ k), so it does not have a natural structure of an algebraic group unless
a is a root of unity.
As for non-⊲-connected quandles, the following is known in the setting of differ-
ential geometry.
Theorem 4.9 ([Lo67]). Let (M, ·) be a reflexion space. Then there exists a regular
ϕ-space (G,H,ϕ) with ϕ involutive and a manifold F with an H-action such that
(M, ·) is isomorphic to G×H F with the operation induced from ·ϕ.
Note that the orbits are ⊲-connected in this case. It might be possible to obtain
a similar result for quandle varieties with this property.
5. Questions related to ⊲-connectedness
Kowalski asked the following problem.
Problem 5.1. ([K80, Problem II.47]) Can one obtain any reasonable theory of
“regular s-manifolds” starting from the following conditions?
(1) x · x = x.
(2) sx :M →M ; y 7→ x · y is a diffeomorphism.
(3) x · (y · z) = (x · y) · (x · z).
(4I) x is an isolated fixed point of sx.
We give a partial answer to its analogue in algebraic geometry.
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Proposition 5.2. Let Q be a quandle variety such that q is an isolated fixed point
of sq for any q ∈ Q. Then the following hold.
(1) Q⊲ q is dense for a general point q, hence Q contains an open orbit O.
(2) For a point q ∈ O, the stabilizer Tr(O)q contains (Tr(O)
ϕq )◦, so O is an
algebraic ϕ-space.
(3) The quandle homomorphism s¯ : Q → (Tr(Q),⊲′ϕq );x 7→ sxs
−1
q of Remark
2.21 is quasi-finite.
Proof. (1) Define f : Q × Q → Q × Q by f(q, r) = (q ⊲ r, r). Let ∆ ⊆ Q × Q be
the diagonal set and denote by p1, p2 the projection maps. Then, since (q, q) =
∆ ∩ p−11 (q) is isolated in f
−1∆ ∩ p−11 (q), ∆ is an irreducible component of f
−1∆.
It follows that there exists a point r such that (r, r) = ∆ ∩ p−12 (r) is isolated in
f−1∆ ∩ p−12 (r). If we define tr : Q → Q by tr(q) := q ⊲ r, this means that r is
isolated in t−1r (r). Then Q⊲ r is dense and the orbit Inn(Q)r is open.
(2) If sqgs
−1
q = g holds for an automorphism g of Q, then sq = sg(q) holds. In
particular, g(q) is a fixed point of sq. If g is contained in (Tr(O)
ϕq )◦, then we must
have g(q) = q by the assumption that q is an isolated fixed point of sq.
(3) Similarly, if a fiber of s¯ were to contain a positive dimensional variety Z, then
Z would be contained in the fixed point locus of sz for any z ∈ Z, a contradiction.
Thus s¯ is quasi-finite. 
How various regularity conditions are related seems to be a subtle question.
Problem 5.3. What implications hold between the following conditions?
(T) Q is nonsingular and Tqsq − 1 is invertible for any q ∈ Q.
(I) q is an isolated fixed point of sq for any q.
(D) Q⊲ q is dense for any q.
(C) Q is ⊲-connected.
(Φ) Q is an algebraic ϕ-space.
We know the following implications.
• (T) ⇒ (I), (D), (C) and (Φ).
• (D) ⇒ (C).
• (I) and (C) ⇒ (D) and (Φ).
As we saw in Remark 3.15, the condition (D) does not imply condition (I). The same
example also shows that (D) and (Φ) do not imply (I). In fact, let G := SL2(k) act
on Q by conjugation and define an automorphism ϕ of G by M 7→ J−11 MJ1. Then
GJ1 and G
ϕ are both equal to {M ∈ SL2(k)|MJ1 = J1M}, and Q is isomorphic to
(G/Gϕ,⊲ϕ).
As a related question, what happens if Tqsq = 1 for any q ∈ Q? Does there
exist a ⊲-connected quandle variety Q with Tqsq = 1 for any q ∈ Q? The following
example shows that the orbits can be of codimension 1.
Example 5.4. In this example, Q is a weak algebraic ϕ-space, Tqsq = 1 for any
q ∈ Q and dim(Inn(Q)q) = n− 1 where n = dimQ. More precisely, the dimension
of Qkq is k for k ≤ n− 2 and n− 1 for k ≥ n− 1.
In Example 2.5, let X = A1, A = An−1 and F (x, y) = ((y−x)2, (y−x)3, . . . , (y−
x)n). Then Q = An with
(x1, . . . , xn)⊲(y1, . . . , yn) = (y1, y2+(y1−x1)
2, y3+(y1−x1)
3, . . . , yn+(y1−x1)
n).
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Then Tqsq = 1 everywhere, but the orbit of (0, 0) is {0} × A
n−1.
To see that Q is a weak ϕ-space, note that the map fα1,α2(x1),...,αn(x1) : Q→ Q
defined by
(x1, . . . , xn) 7→ (x1 + α1, x2 + α2(x1), . . . , xn + αn(x1))
is an automorphism of Q for any α1 ∈ k and αi(x1) ∈ k[x1], and that
G = {fα1,α2(x1),...,αn(x1)| degαi(x1) ≤ i− 1(i = 2, . . . , n)}
is a subgroup of Aut(Q) acting transitively on Q. We also see that the conjugation
by s(0,0) leaves G invariant, and therefore defines an automorphism ϕ of G. Then
one can show that Q is isomorphic to (G/G(0,0),⊲ϕ).
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